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An Optimal Period of Private Vehicle 
Ownership: 
An Application of Deterministic Dynamic Programming 
* Hidetaka Kawano 
1. Introduction 
One of the approaches to solving dynamic optimization problems is dynamic 
programming, which was developed by Richard Bellman (1957). This method has been 
applied to both discrete and continuous dynamic optimization problems. The technique is 
particularly suited for obtaining numerical solutions to problems with multistage decision 
processes. Burt and Allison (1963), Beckmann (1968), Burt (1982), Ross (1983), Kennedy 
(1986), Stokey and Lucas (1989), and Puterman (1994) discuss some applications of the 
method to economic and managerial issues. Compared with other approaches to dynamic 
optimization problems, this method's significant strength is in solving multistage discrete 
problems. In this paper, an optimal period of private vehicle ownership is analyzed within 
the framework of deterministic dynamic programming, in order to derive an optimal 
decision rule for a commuter who maximizes present value of net returns over a given 
planning horizon. A mid-size compact passenger vehicle for the use of everyday 
commuting between home and workplace is chosen for the analysis, and the required cost 
data are based on the author's maintenance records of his own personal vehicle. However, 
any vehicle in a different environment with different cost data can be considered to derive 
an optimal decision rule in the same manner. The main points of the analysis are: (1) the 
higher resale value of the vehicle increases one's incentive to trade it in for a new one, (2) 
frequent vehicle break-downs increase the maintenance costs and decrease the personal 
value of the vehicle faster, which makes one want to replace the vehicle early, while it still 
retains some resale value. The above two points considerably influence one's optimal 
period of vehicle ownership. Some might say that this is just "Common sense." 
However, that critique only highlights the strength of this analysis. The point of this paper 
is to illustrate the analytical structure for a logically sequenced decision making process in 
the vehicle ownership problem. It is quite reasonable that the conclusions of this analysis 
correspond with so-called" common sense." The major assumptions and the entire 
structure of the model are discussed in section 2. Summaries of numerical results on each 
simulation and the conclusion are presented in section 3. 
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2. The major assumptions and the structure of the model 
The required data shown in Table I are (I) the total value of service, (2) the running costs, 
and (3) the resale values for the vehicle's entire lifetime of 10 years, all of which are based 
on the author's maintenance records of his own personal vehicle and on the handbook for 
used cars titled "Yellow Book (July, 1997)." The definitions of these respective variables 
used for the benchmark model are also presented in Table I. First, the total value of 
service per year (Rt ) is assumed to be the sum of a commuter's (l) personal value (Rl t) 
expressed in the monetary value and (2) alternative transportatioll costs (R2 t ) to his 
workplace. The personal value is defined as how much a commuter values driving his own 
vehicle to his workplace, in addition to alternative transportation costs. The individual 
valuation of the total value derived from commuting by a private vehicle is obviously not 
identical, due to the difference in individual preference. For the benchmark model, the 
annual expenditure for taxi fare between a commuter's home and his workplace is 
considered to be an alternative transportation cost. Second, the running cost consists 
mainly of the expenditures for gasoline, insurance, and maintenance. The expenditure for 
maintenance is further divided into the expenditures for voluntary maintenance (not 
required by any traffic laws or regulations), tire replacement, mandatory maintenance such 
as the motor vehicle test (required by law), and other miscellaneous expenditures. Third, 
the resale values used for the benchmark model are roughly based on the handbook for 
used cars, because the resale values for used cars are dependent upon the condition of each 
vehicle. The problem for a commuter is to come up with an optimal decision rule which 
maximizes present value of net returns over a given planning horizon. The commuter 
must decide at the beginning of each stage (year) whether he is keeping or replacing his 
private vehicle. The decision is made at the beginning of each stage over the entire 
planning horizon. The Markov property required by dynamic programming implies that 
returns from a decision at every stage depend on the decision made in the previous stage. 
If the vehicle is kept, then the vehicle becomes a year older than the one in the previous 
stage in this problem. 
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Table 1. The total value of service, the running cost, and the resale value of a mid-size 
compactcar for the benchmark simulation 
(Thousand Yens) 
Total value of service Running cost per year (Cd derived per year (Rt ) 
Age of Maintenance Resale 
vehicle Personal Taxi Fare value 
value (R2 t ) Gasoline Insurance Miscellaneous (St) (Alternative Voluntary Tire Mandatory ( Parking, (Ud 
transportation (C 1 t) (C2 t ) replacement (Rl t ) costs) (C3d (C4t> (C5t) toll road, etc.) (C6d 
I 700 920 120 72 20 0 150 200 1500 
2 650 920 120 72 30 0 20 200 1000 
3 600 920 120 72 40 40 20 200 700 
4 500 920 120 72 50 0 150 200 300 
5 450 920 120 72 60 0 20 200 100 
6 400 920 120 72 70 40 150 200 30 
7 300 920 120 72 80 0 20 200 0 
8 200 920 120 72 90 0 150 200 0 
9 100 920 120 72 100 40 20 200 0 
10 0 920 120 72 110 0 150 200 0 
The important point is that a decision at a given stage directly affects the state variables 
in the next stage, which is expressed in the equations of motion. The numerical 
computation produces optimal decision rules for any planning horizons. The specific 
major assumptions and structure of the dynamic optimization problem for the benchmark 
model are conveniently summarized as follows: 
(1) The major assumptions are: 
Assumption 1: ' 
The vehicle has a lifetime of 10 years, and it must be replaced by the end of its 10th 
year of operation. 
Assumption 2: 
The vehicle can be sold at any time before the end of its 10th year of operation. 
Assumption 3: 
The price of a new vehicle (Nt) is 2.2 million yens (about 20 thousand dollars) 
whenever the vehicle is replaced. 
Assumption 4: 
The discount factor, 8 = 1/( 1 + 'Y), is 0.95, where, , is an interest rate. 
(2) The structure of the model is: 
1) Time horizon ( T years): 
T E {a, 10,20,40,60, 100, 200, 500} 
Remark: The longer time horizons ( T = 100, 200, and 500) are set to derive the 
steady state optimal decision rules in which the corresponding value 
functions need to converge. 
2) State variable ( St ): 
Age of the vehicle. St E {I, 2, 3, 4, 5, 6, 7,8,9, 10}. 
Remark: The range of the state variable is 1 to 10, since the maximum lifetime of 
the machine is 10 years. 
3) Decision variable ( Xt): 
Xt = ° 
Xt = 1 
if keep, or 
if replace. Xt E {a, I} 
Remark: The decision variable is discrete, not continuous, unlike the other 
optimization approaches. 
4) Payoff function: 
7f (St, Xt) Rt - Ct if keep (Xt = 0), or 
if replace (Xt = 1). R t + Ut - Nt - Ct 
5) Equation of motion: 
St+1 = St + 1 
= 1 
6) Optimization problem: 
Maxxt E {O, I} 
T 
if keep (Xt = 0), or 
if replace (Xt = 1). 
L fJt 7ft (St, Xt) 
t=l 
subject to St+1 = St + 1 if keep (Xt = 0), or 
= 1 if replace (Xt = 1), 
and given initial conditions, 8 1 . 
Xt E {a, I} , St E {I, ... , 10} , fJ = _1_. 
1+,), 
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7) Bellman's equation: 
REMARK: The dynamic programming approach is based on the principle (~l 
optimality which Bellman (1957) stated as: 
An optimal policy has the property that whatever the initial state 
and decisions are, the remaining decisions must constitute an 
optimal policy with regard to the state resulting from the first 
decision. 
This principle of optimality transforms a many period optimization problem stated 
in the above 6) into many successive one-period optimization problems by simply 
solving Bellman's equation in a backward recursive manner from the terminal 
period. 
3. Summaries and conclusions 
Three simulations are conducted. The data used, the derived optimal decision rules, and 
the optimal values for each simulation are presented in Tables I-I through 3-3 in the 
appendix. The various time horizons for this dynamic optimization problem are 
considered. The longest time horizon ( T) is set at 500, which is long enough to derive the 
steady state optimal decision rules and see whether the optimal value at each different state 
variable in the value function converges. The summaries of the three simulations are as 
follows: 
Simulation 1: The required data shown in Table 1-1 in the appendix are based on the 
author's maintenance records of his own personal vehicle and on the handbook for used 
cars titled "Yellow Book (July, 1997)." This is a benchmark simulation with which the 
other two simulation results are compared. The optimal values at the different states shown 
in Table 1-3 in the appendix are converged (The optimal values for both 200 and 500 year 
time horizons are almost identical). Therefore, the steady state optimal decision rule is to 
own the vehicle for six years and replace it with a new vehicle as soon as possible before 
its lifetime of I 0 years (See Table 1-2 in the appendix). 
Simulation 2: Compared with simulation I, the resale values (Vt ) are increased and all 
other variables remain the same (See Table 2-1 in the appendix). The optimal values at the 
different states shown in Table 2-3 in the appendix are converged. Therefore, the steady 
state optimal decision rule is to own the vehicle for a year and replace it with a new vehicle 
as soon as possible before its lifetime of 10 years (See Table 2-2 in the appendix). In other 
words, the higher resale value of the vehicle increases one's incentive to trade the current 
vehicle in for a new one. 
Simulation 3: Compared with simulation 1, the voluntary maintenance costs (C3t) are 
increased faster, and the related personal values are decreased faster (See Table 3-1 in the 
appendix). The optimal values at the different states shown in Table 3-3 in the appendix 
are converged. Therefore, the steady state optimal decision rule is to own the vehicle 'for 
two years and replace it with a new vehicle as soon as possible before its lifetime of 10 
years (See Table 3- 2 in the appendix). In otherwords, frequent vehicle break-downs 
increase the maintenance costs and decrease the personal value of the vehicle faster, which 
makes one want to replace the vehicle early while it still retains some resale value. 
The main points are restated: (1) the higher resale value of the vehicle increases one's 
incentive to trade the current vehicle in for the new one, (2) frequent vehicle break-downs 
increase the maintenance costs and decrease the personal value of the vehicle faster, which 
makes one want to replace the vehicle early while it still retains some resale value. The 
above two points influence considerably one's optimal period of vehicle ownership. Some 
might say that this is just "Common sense" However, that critique only highlights the 
strength of this analysis. The point of this paper is to illustrate the analytical structure in a 
logically sequenced decision making process in the vehicle ownership problem. It is quite 
reasonable that the conclusions of this analysis correspond with so-called "common sense." 
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APPENDIX 
SIMULATION 1 
(Benchmark Model) 
Table 1-1. The total value of service, the running cost, and the resale value of a mid-size 
compactcar 
(Thousand Yens) 
Total value of service Running cost per year (Cd deri ved per year (R t ) 
Age of Mai ntenance Resale vehicle Personal Taxi Fare value 
value (R2 t ) Gasoline Insurance Miscellaneous (Sd (Alternative Voluntary Tire Mandatory ( Parking, (Ut ) 
(Rl t ) transportation (Cl t ) (C2 t ) replacement toll road, costs) (C3d (C4 t ) (CSt> etc.) (C6 t ) 
I 700 920 120 72 20 0 ISO 200 1500 
2 650 920 120 72 30 0 20 200 1000 
3 600 920 120 72 40 40 20 200 700 
4 500 920 120 72 50 0 150 200 30n 
5 450 920 120 72 60 0 20 200 100 
6 400 920 120 72 70 40 150 200 30 
7 300 920 120 72 80 0 20 200 0 
8 200 920 120 72 90 0 150 200 0 
9 100 920 120 72 100 40 20 200 0 
IO 0 920 120 72 110 0 150 200 0 
Table 1-2. The Optimal Decision Rules for Simulation 1 
Time Age of Vehicle 
Horizon Ind 2nd 3nd 4nd 5nd 6nd 7nd 8nd 9nd 10nd 
0 I I I I I I I I I I 
10 0 0 0 0 0 0 I I I I 
20 0 0 0 0 0 0 I I I I 
40 0 0 0 0 0 0 I I I I 
60 0 0 0 0 0 0 I I I I 
100 0 0 () () 0 0 I I I I 
200 0 0 () 0 0 0 I I I I 
500 0 0 0 0 () 0 I I I I 
Table 1-3. The Optimal Values for Simulation 1 
Time Age of Vehicle 
Horizon Ind 2nd 3nd 4nd 5nd 6nd 7nd 8nd 9nd 10nd 
0 2.558.0 2.128.0 1,728.0 1.128.0 998.0 698.0 728.0 488.0 468.0 268.0 
10 6,802.62 6,39171 5,897.75 5.543.02 5.255,37 4866.91 4.712.29 4,472.29 4,452.29 4.252.29 
20 9.387.42 8,942.75 8.393.83 7.928.57 7.649.61 7,314.57 7.208.87 6.968.87 6.948.87 6.748.87 
40 11,710.72 11,302.89 10.773.13 10.318.17 10,052,41 9,699.08 9.580.82 9,340.82 9,320.82 9,120.82 
60 12.561.03 12,135.76 11,619.20 11.171.11 10.909.05 10.560.45 10,435.63 10,195.63 10,175.63 9.975.63 
100 12,978.17 12.550.44 12.027.05 11.581.46 II .323.55 10,977.15 10.854.51 10,614.51 10.594.51 10,394.51 
200 13,039.14 12,611.75 12.088.18 11,642.31 11,383.50 11,037.39 10.915.17 10,675.17 10.655.17 10,455.16 
500 13,039.51 12,612.12 12.088.54 11.642.68 11,383.87 11.037.76 10,915.53 10.675.53 10.655.53 10,455.53 
SIMULATION 2 
Table 2-1. The total value of service, the running cost, and the resale value of a mid-size 
compact car 
(Thousand Yens) 
Total value of service Running cost per year (Ct ) derived per year (R t ) 
Age of Maintenance Resale vehicle Personal Taxi Fare value 
value (R2 t ) Gasoline Insurance Miscellaneous (St> (Alternative Voluntary Tire Mandatory ( Parking, (Ut) 
(RI t ) transportation (Cl f ) (C2 t ) replacement toll road, I' costs) (C3,) (C4 t ) (C5 t ) etc.) (C6,) 
I 700 920 120 72 20 0 ISO 200 1800 
2 650 920 120 72 30 0 20 200 ~ 3 600 920 120 72 40 40 20 200 
4 500 920 120 72 50 0 150 200 900 
5 450 920 120 72 60 0 20 200 •.. ~QO 
6 400 920 120 72 70 40 ISO 200 400 
7 300 920 120 72 80 0 20 200 .200 
8 200 920 120 72 90 0 ISO 200 elOO 
9 100 920 120 72 100 40 20 200 0 
10 0 920 120 72 110 0 150 200 0 
III 
Table 2-2. The Optimal Decision Rules for Simulation 2 
Time Age of Vehicle 
Horizon Ind 2nd 3nd 4nd 5nd 6nd 7nd 8nd 9nd 10nd 
0 I I I I I I I I I I 
10 0 I I I I I I I I I 
20 0 I I 1 1 I I 1 1 1 
40 0 1 1 I I 1 I I 1 I 
60 0 1 I I I I I I I 1 
100 0 I I I I I I I I I 
200 0 I I I I I I I I I 
500 0 I 1 1 1 1 1 1 1 1 
Table 2-3. The Optimal Values for Simulation 2 
Time Age of Vehicle 
Horizon Ind 2nd 3nd 4nd 5nd 6nd 7nd 8nd 9nd 10nd 
0 2,858.0 2,628.0 2,128.0 1.728.0 1,498.0 1,068.0 928.0 588.0 468.0 268.0 
10 7,742.87 7,471.43 6.971.43 6.571.43 6,341.43 5,911.43 5,771.43 5,431.43 5,311.43 5,111.43 
20 10,663.53 10,371.37 9.871.37 9.471.37 9.241.37 8,811.37 8,671.37 8,331.37 8,211.37 8.011.36 
40 13.459.25 13,147.26 12,647.26 12,247.26 12,017.26 11.587.26 11.447.26 11,1 07.26 10,987.26 10,787.26 
60 14.461.48 14,142.38 13.642.38 13,242.38 13.012.38 12.582.38 12,442.38 12.102.38 11.982.38 11.782.38 
100 14,949.56 14.627.00 14,m.OO 13.727.00 13,497.00 13,067.00 12.927.00 12.587.00 12.467.00 12,267.00 
200 15.021.11 14.698.04 14,198.04 13.798.04 13.568.04 13,138.04 12,998.04 12.658.04 12,538.04 12,338.04 
500 15.021.53 14,698.45 14.198.45 13.798.45 13,568.45 13.138.45 12,998.45 12,658.45 12.538.45 12,338.45 
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SIMULATION 3 
Table 3-1. The total value of service, the running cost, and the resale value of a mid-size 
compact car 
(ThOUS({lld Yells) 
Total value of service Running cost per year (Cd 
deri ved per year (R t ) 
Age of Maintenance Resale 
vehicle Personal Taxi Fare value 
value ( R2 t ) Gasoline Insurance Miscellaneous (St) (Alternative Voluntary Tire Mandatory ( Parking, (Ut ) 
(Rl t ) transportation (el t) (e2t ) replacement toll road. costs) (C3 t ) (e4,) (e5,) etc.) (C6,) 
I 700 920 120 72 20 0 ISO 200 1500 
2 600 920 120 72 40 0 20 200 10O() 
3 450 920 120 72 60 40 20 200 700 
4 300 920 120 72 80 0 150 200 300 
5 100 920 120 72 110 0 20 200 100 
6 50 920 120 72 140 40 150 200 30 
7 10 920 120 72 170 0 20 200 0 
8 0 920 120 72 240 0 150 200 0 
9 0 920 120 72 260 40 20 200 0 
10 0 920 120 72 300 0 150 200 0 
Table 3-2. The Optimal Decision Rules for Simulation 3 
Time Age of Vehicle 
Horizon Ind 2nd 3nd 4nd 5nd 6nd 7nd 8nd 9nd IOnd 
0 I I I I I I I I I I 
10 0 0 I I I I I I I I 
20 0 0 I I I I I I I I 
40 0 0 I I I I I I I I 
60 0 0 I I I I I I I I 
100 0 0 I I I I I I I I 
200 0 0 I I I I I I I I 
500 0 0 I I I I I I I I 
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Table 3-3. The Optimal Values for Simulation 3 
Time Age of Vehicle 
Horizon InL! 2nd 3nd 4nd 5nd 6nd 7nd Rnd 9nd IOml 
0 
10 
20 
40 
60 
100 
200 
500 
2.558.0 2J)68.0 1.55R.O 89R.O 59R.O 278.0 348.0 168.0 218.0 n.o 
5.776.05 5.26R.95 4.567,07 3.907.07 3.607.07 1299.45 3.357.07 1177.07 3.227.07 1087.07 
7.692.58 7.070.59 6,493.R4 5.833.84 5.533.84 5.213.84 5.283.R4 5.103.84 5.15384 5.013.84 
9.462.0 I 8.911.27 R.2R7.20 7.627.20 7.327.20 7.007.20 7.077.20 6.897.20 6.947.20 6.807.20 
10.104.90 9.545.58 8.947.05 8.287.05 7.987,06 7.667,()6 7.737.06 7.557.06 7.607.06 7,467.05 
10,422.97 9.860.85 9.257.07 8.597.07 8.297.07 7.977.07 8.047.07 7.867.07 7.917.07 7.777.07 
10,469.10 9.906.44 9.30163 8.64163 8.34163 R.(2),63 8.09163 7.913.63 7.96163 7.8216.1 
IO,469J7 9.906.71 9..10190 8.643.90 8,34190 8.02190 8.09190 7.91190 7.96190 7.82190 
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